INTRODUCTION

The two goals of this project were to build a magnetic oscillating train and to model the apparatus with differential equations. Obstacles that had to be overcome in the design and construction of the magnetic train/cart were the inherent attractive-repulsive properties of magnets and minimization of friction. In the modeling process, the group had to understand the principles of physics to accurately represent every force in the equation. Also, the group had to determine which forces and terms were essential to the behavior of the equation.

THE APPARATUS


In the apparatus constructed, the train floats (approximately) ¼” above a magnetic track. Plexiglass walls maintain the train’s position over the magnetic tracks. The entire apparatus is shown in Figure 0. The magnetic train tracks are glued to a 4 foot long 2”x 4” piece of wood. They are placed 1.5” apart and ¾” away the sides. The cart is a ¼” x 2”x 6” piece of wood. The sides of the cart were sanded down slightly to prevent excessive rubbing against the walls. To create the oscillations, the entire apparatus was tilted at different angles. The end of the track was equipped with a neodymium magnet and each end of the cart had two 3/8” thick magnets (for balance) so that when the track was tilted, the cart’s end magnet and the track’s neodymium magnet would oppose each other. The oscillations continued until the magnetic forces balanced at the equilibrium.

Initially, a design in which air resistance was the only energy sink was desired. Most of the designs tested involved placing magnets underneath the cart and along the Plexiglass walls (and on the sides of the cart). After many trials, the group hypothesized that attempting to magnetically levitate an object in static equilibrium is impossible. The group does not yet know the principles and physics behind this theory. However, it has been found (by others) that a perfect levitation by magnets would result in a dynamic equilibrium, where the cart (or levitating object) oscillates slightly. These small oscillations arise from the varying potential and kinetic energies of the cart.
In addition to the principle hypothesized above, the properties of magnets also prevented the construction of a levitating train. The magnetic field of magnets curves into and out of poles, and the curvature is more pronounced in smaller magnets where the poles are close to each other. To float one magnet above another, the upper magnet must be placed directly above the area on the lower magnet where the field is perpendicular to both surfaces. However, the small size of most magnets (and the proximity of the poles) reduces this region’s size, causing such balancing to be extremely difficult. Even if an object could be levitated above this small region, any slight shift in its position would cause an uneven amount of force to be applied, resulting in an acceleration away from equilibrium. Theoretically, such levitation would be possible if a magnet with extremely large cross-sectional area was used. An extremely large magnet’s magnetic field would not experience much bending at the center of the surface since it is far from the poles (it would begin to bend at a large distance away from the surface). Consequently, the apparatus had to be equipped with walls holding the cart in place; this balancing act could not be performed with magnets and the crude materials (i.e. wood and tape) available.

With the addition of the walls, friction was an inevitable obstacle. To minimize friction, the sides of the carts were sanded down into a concave shape so that there were only 2 contact points on each side of the cart. Then, Scotch tape was used to cover the wood at the contact points. The Plexiglass was also lined with Scotch tape. Finally, vegetable oil was placed on the Scotch tape to further reduce friction.

 
In order to provide the strongest repulsion possible, a Neodymium-Iron-Boron magnetic disc (7/8” in diameter) was placed on top of the other two magnets in the repulsion unit. The two rectangular magnets (½”x 1”x 2”) hold the neodymium magnet in place, and prevent it from flipping. The two rectangular magnets are embedded in foam. The repulsion unit rests against a block of wood bolted at the end of the track.


Once the apparatus had been built, the data was collected using a sonar sensor. The sonar sensor was placed at the open end of the track (opposite end from the repulsion unit), and the track was tilted to different angles/heights. The cart was then pulled up and released with the sonar recording the cart’s position versus time. 

THE EQUATION

Original Equation:
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Final Equation:
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= mass (kg)
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        = magnet constant
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  = viscosity coefficient
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( takes the values of tan-1(h/.61278), where h = 0.07 m, 0.10 m, 0.12 m, and 0.14 m.

For the Final Equation, C1 was eliminated (set equal to 1) and f (representing friction) equaled 0.355. C2 was also eliminated.

The magnet constant was obtained by taping the repulsion unit to a scale and holding the cart’s magnet above it. The amount of mass that was being displaced and the distance between the two magnets were recorded. This mass was then multiplied by gravity to obtain the force of the field. This force was set equal to k/x2, where x was the distance between the two magnets, to find k.

The second to last term in the Original Equation represents the resistive force on the cart due to the air. However, it was found (through research) that air resistance is negligible at low velocities. Instead, air viscosity becomes the more significant factor. While air resistance depends on the cross-sectional area of the cart, Ac, and air density, ρ, the viscosity of air depends on the surface area of the cart, As, and the viscosity coefficient, After further analysis, it was concluded that the air viscosity term is overpowered by the friction between the cart and the walls. Consequently, the viscosity term was also discarded. 

Also, the Original equation had to include a term that preserved the sign of the derivative because squaring y(t) (and having a positive sign) did not account for the direction of the motion. Thus, y(t) was divided by its absolute value to obtain the sign of the velocity. This method of obtaining the sign of the velocity was also employed to maintain the direction of the friction opposite to the motion of the cart.

To analyze the system, the group began to linearize the equations about the equilibria:
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Though the y(t)/|y(t)| term reverts to the indefinite form, we can infer from the physical apparatus that the friction on the cart when y(t)=0 (velocity = 0 m/s) is effectively 0. Thus, the friction term is removed at the equilibria.
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Continuing with the linearization, we now compute the Jacobian matrix:
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To linearize the system about its equilibria, we substitute the equilibria in for x0. 
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Eigenvalues:
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At this point, continuing to linearize the system about either equlibrium is futile. Since both eigenvalues are complex and neither contains a real part, the equilibrium points are centers – the motion neither converges nor expands from the equilibrium, but remains in steady oscillation. However, this is physically impossible. To have a center at an equilibrium, the system would have to conserve energy (no energy dissipation). Since energy is being lost (and the cart’s motion ceases at some point), the equilibrium should  be a spiral sink. Despite the inability of linearization to help analyze the equation, the phase space of the system (shown in Figures 5-b, 7-b, 9-b, and 11-b) obtained numerically illustrates that energy is being lost as the cart ceases motion at its equilibrium.

Linearization fails for this system because there are no terms in the second equation dependent on the velocity. Such a term would inflict some damping behavior on the system. Though the f*y(t)/|y(t)| term seems to be dependent on the velocity – y(t) – only the sign of the velocity is important here. Dividing by the absolute value of y(t) removes any trace of the magnitude of the velocity, thereby reducing the entire term down to a constant with a changing sign. The derivative of the constant with respect to y(t) is zero. For most systems with a damping term dependent on the magnitude of y(t), the partial is not equal to zero (and the Jacobian does not have a zero in its [2,2] position, resulting in eigenvalues with real parts).


To prove that the equation used to model the apparatus does indeed lose energy, an analysis of the system as a Lyapunov function is undertaken. To find the Lyapunov function, the related Hamiltonian function, H(x(t),y(t)) is found first. Note that the damping term (friction) has been removed to find the Hamiltonian:
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Integrating the first equation:
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The difference between a Lyapunov function and a Hamiltonian is that a Hamiltonian has a constant value. To find the type of the function shown above, the first derivative is taken with respect to time. The derivatives of x(t) and y(t) are obtained from the system itself:
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This final inequality is always true for our system because the frictional constant, f, is approximately .355.


Thus, the “Hamiltonian” function found above is actually a Lyapunov function since its first derivative is negative:
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Shown in Figures 1 and 2 are two three-dimensional viewpoints of the Lyapunov function. In Figure 3, the Lyapunov function is plotted again, but over larger x(t) and y(t) ranges to display the curvature better.

The system of differential equations cannot be solved analytically, but it can be approximated numerically. The primary tools employed to numerically approximate the solution were Mathematica © and Maple ©. Using the commands “NDSolve” and “Plot” in Mathematica, we were able to obtain a plot of position versus time, as well as a plot of velocity versus position (the phase space). 

Shown in Figure 4 is the plot for the motion of the cart at a height of 7 cm. The plot compares closely to the theoretical motion of the cart, shown in Figure 5-a (and 5-c). The two plots appear to be mirror images of each other because the theoretical model calculates the distance of the cart away from the magnet, while the actual data was collected from a sonar distance sensor that measured the distance of the cart away from the sensor itself. To convert the distance of the cart from the sensor into the distance of the cart away from the magnet, the following calculation was performed:

(Dist. From Magnet) = (Track Length) – (Dist. From Sensor) – (Cart Length)

Cart Length = 0.1524 m

Track Length = 0.544 m

The data for the track heights can be found in Table 1. The plots displayed in Figures 5-c, 7-c, 9-c, and 11-c were created by subtracting x(t) from the track length (0.544 m), and plotting the result.

Percent Error = 100*((actual-theoretical)/theoretical)

HEIGHT
THEORETICAL
ACTUAL



Interval Length
Final Position
Interval Length
Final Position
Percent Error

(for final position)

7 cm
3.6616 s
0.07371 m
3.48 s
0.0706 m
4.2192 %

10 cm
4.3085 s
0.05894 m
4.23 s
0.0436 m
26.0264 %

12 cm
4.7553 s
0.05455 m
4.60 s
0.0691 m
26.6728 %

14 cm
5.1574 s
0.05130 m
5.15 s
0.0624 m
26.6137 %

Table 1. The time interval lengths (in seconds) and the final position (in meters) of the cart from the theoretical model and the actual model.


Though multiple sets of data were gathered from the physical apparatus (as seen in Figures 12 through 15), each plot selected for analysis was chosen because it matched the number of oscillations predicted by the equation (see Figures 4 through 11).

A slight discrepancy between the theoretical and actual data occurred in the time interval length. When the equation was numerically analyzed using Mathematica, the computer could only evaluate the function up to a certain time. For values of t greater than this time, the computer returned an error saying that the maximum number of steps had been reached. Since the computer could not evaluate the function after this point, this final time was taken as the endpoint of the interval of motion. 

Evaluating the function for the same amount of time as the physical apparatus (i.e 3.28 sec for h = 7 cm) resulted in a plot that did not mimic the oscillations correctly. Rather than fit the time interval to the actual data, the group attempted to fit the number of oscillations (for the equation) to the number of oscillations of the physical apparatus.

For the plots displaying the data from the physical apparatus, the beginning of the plot is characterized by noisy data. This noise arose from the fact that the sensor has difficulty detecting the position of objects placed extremely close to it. Since the cart was only a centimeter away from the sensor, the initial data collected was very noisy. Also, the cart was held in its initial position by a ruler or a stick. The data sensor recorded the motion of this ruler/stick as it was pulled away to release the cart, causing further interference.

ANALYSIS OF EQUATION


Though the data coincided well with the theoretical model, there are slight discrepancies that can be accounted for by modifying the equation. Even though the terms for air viscosity and air resistance were discarded to simplify the numerical analysis, they are necessary to accurately model the motion. By adding more damping to the equation (from air interaction), the time interval for which the oscillations occur will be decreased. A slight decrease in the length of the time interval is necessary since the time intervals obtained from the theoretical model were all greater than the intervals obtained from the physical apparatus (see Table 1, above). The Original and Modified Equations were discarded because Mathematica was having difficulty numerically computing the solution. 


A second modification would be to attempt to standardize the friction between the cart and the walls. Even though a friction constant of 0.355 was employed to maintain a standard equation, the physical apparatus was not inspected in any way to ensure that the friction was approximately the same for every trial. Since the lubricant employed (vegetable oil) is a liquid, the amount of liquid per unit area varies along the length of the Scotch tape on the walls. Though a small amount of vegetable oil enhances the cart’s ability to overcome friction, an excess of oil would actually increase drag on the cart. Consequently, a method of application to maintain a constant amount of liquid per unit area is needed. Methods for consideration include, but are not limited to: brushing the oil on, or steadily dripping the oil onto the strip. Also, the group should consider alternative lubricants (i.e. graphite) to help minimize friction. More accurate measuring methods would also assist in creating a more precise model. For example, a Gauss meter to measure the strength of the magnetic field would assist in finding the correct magnetic constant, k.


The presence of friction affected the final equilibrium position measured. As the cart would come to rest, static friction would arise, and there were now three forces holding the cart in its equilibrium position (rather than two): friction, magnetic repulsion, and the weight of the cart. The static friction prevented the exact same equilibrium from being attained for the same tilt angle; the position would vary by approximately 1.5 cm between trials. Thus, the data obtained for the theoretical and actual final positions was extremely accurate (given the presence of friction) since they differed from each other by, at most, 1.534 cm.

CONCLUSION
In conclusion, the magnetic oscillating train (perfectly levitating in static equilibrium) that the group desired to build is an impossible feat. The equilibrium attained from such levitation is always dynamic; there are slight fluctuations in the position of the cart as the system’s energy oscillates. After this fact was acknowledged, the group screwed Plexiglass walls into the sides of the track to prevent the cart from being pushed out. Using differential equations and physics, the group successfully modeled the oscillations created when the entire cart-track apparatus was tilted to various angles. While there were slight discrepancies between the theoretical and actual data, they can be attributed largely to the inconsistencies arising from friction.

APPENDIX A: FIGURES
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Figure 0. The magnetic track and cart.
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Figure 1. Plot of L(x(t),y(t)) when x(t) ranges from 0.01 to 0.5 and y(t) ranges from –0.8 to 0.8.
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Figure 2. Plot of L(x(t),y(t)) from a rotated view.
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Figure 3. Plot of L(x(t), y(t)) when x(t) ranges from 0.01 to 50 and y(t) ranges from –20 to 20. The curvature of the graph is more visible in this plot, where the ranges of x(t) and y(t) are much greater.
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Figure 4. The plot of position versus time obtained from the physical apparatus at a height of 7 cm.
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Figure 5-a. Plot of x(t) when the height of the track is 7 cm.
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Figure 5-b. Plot of velocity versus position (phase space) for a height of 7 cm.
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Figure 5-c. Reverse plot of x(t) when the height of the track is 7 cm.
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Figure 6. The plot of position versus time obtained from the physical apparatus at a height of 10 cm.
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Figure 7-a. Plot of x(t) at a height of 10 cm.
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Figure 7-b. Plot of velocity versus position for a height of 10 cm.
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Figure 7-c. Reverse plot of x(t) at a height of 10 cm.

[image: image38.png]038

Position vs. Time
ath=12 cm

Time(s)
s 1.0 15 20 25 20 s 40 45 50 55




Figure 8. The plot of position versus time obtained from the physical apparatus at a height of 12 cm.
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Figure 9-a. Plot of x(t) at a height of 12 cm.
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Figure 9-b. Plot of velocity versus position for a height of 12 cm.
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Figure 9-c. Plot of x(t) at a height of 12 cm.
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Figure 10. The plot of position versus time obtained from the physical apparatus at a height of 14 cm.
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Figure 11-a. Plot of x(t) at a height of 14 cm.
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Figure 11-b. Plot of velocity versus position for a height of 14 cm.

[image: image45.wmf]1

2

3

4

5

0.25

0.3

0.35

0.4

0.45

0.5


Figure 11-c. Reverse plot of x(t) at a height of 14 cm.
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Figure 12. Two sets of data gathered from the physical apparatus at a height of 7 cm. Run #2 compared more accurately with the theoretical data.
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Figure 13. Two sets of data gathered from the physical apparatus at a height of 10 cm. Run #1 compared more accurately with the theoretical data.
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Figure 14. Two sets of data gathered from the physical apparatus at a height of 12 cm. Run #2 compared more accurately with the theoretical data.
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Figure 15. Two sets of data gathered from the physical apparatus at a height of 14 cm. Run #2 compared more accurately with the theoretical data.
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